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Heat-flow birefringence is described by a constitutive law which links the anisotropic part of the
dielectric tensor with the gradient of the heat flux or the 2nd spatial derivative of the temperature
field. For a gas of linear molecules, this relation is derived from transport-relaxation equations
which, in turn, were obtained from the Waldmann-Snider equation. The magnitude of the heat-flow
birefringence can be inferred from the Senftleben-Beenakker effect of the viscosity and of the
heat conductivity. It is found to be of measurable size.

Transport processes in a fluid of optically aniso-
tropic particles may lead to a birefringence, i. e. its
dielectric tensor may possess a nonvanishing aniso-
tropic part. Flow birefringence I 2 and acoustic bire
fringence > 3 are examples for such nonequilibrium
birefringence phenomena. Both effects are described
by a constitutive law which links the anisotropic part
of the dielectric tensor with the gradient of the velo-
city. In a heat-conducting fluid the anisotropic part
of the dielectric tensor can be proportional to the
gradient of the heat flux or equivalently to the 2-nd
spatial derivative of the temperature. A kinetic the-
ory of this “heat-flow birefringence” is presented
for gases of rotating molecules.

In contradistinction to liquids and colloidal solu-
tions where birefringence is due to an alignment of
the figure axis of the particles, in gases of rotating
molecules it is connected with an alignment of the
molecular rotational angular momentum ¢. This is

reflected by the fact that the anisotropic part of the
dielectric tensor is proportional to the tensor polari-
zation of the rotational angular momentum. For the
theoretical treatment of nonequilibrium birefringence
phenomena the collision-induced tensor polarization
has to be studied. Point of departure for such a the-
ory is the Waldmann-Snider equation® 6, a gener-
alized Boltzmann equation for particles with internal
rotational degrees of freedom. Waldmann ® mention-
ed flow birefringence as a possible application of his
kinetic equation as early as 1957. The kinetic theory
of flow birefringence, however, has been developed
much later ”- 8, This paper deals with the theory of
the heat-flow birefringence. Its magnitude can be
inferred from measurements of the influence of mag-
netic fields on the heat conductivity and the visco-
sity % 10 (Senftleben-Beenakker effect). It turns out

to be of similar size as the flow birefringence in

gases which has recently been observed experimen-
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tally for the first time *. Most of the results present-
ed in this paper have been reported at the 7-th Sym-
posium on Rarefiel Gas Dynamics!? (Pisa 1970).
This paper is divided into five major sections.
Section 1 deals with the phenomenological descrip-
tion of heat-flow birefringence. A constitutive rela-
tion is introduced which links the anisotropic part
of the dielectric tensor with the gradient of the heat
flux or with the 2-nd spatial derivative of the tem-
perature. Then it is indicated how the heat-flow bire-
fringence can be measured in principle. For gases
of linear molecules, the relation between the aniso-
tropic part of the dielectric tensor and the tensor
polarization of the molecular rotational angular mo-
mentum is stated in Section 2. The transport-relaxa-
tion equations for the macroscopic variables relevant
for the present problem are presented in Section 3.
These equations have been derived from the Wald-
mann-Snider equation by application of the moment
method. They involve 13 relaxation coefficients, 7 of
which are linearly independent. These coefficients
can be expressed in terms of collision integrals ob-
tained from the linearized Waldmann-Snider colli-
sion operator. In Section 4 it is indicated how the
magnitudes of these relaxation coefficients can be
inferred from measurements of the heat conductivi-
ty, of the shear and the bulk viscosities, and of the
Senftleben-Beenakker effect of the heat conductivity
and of the viscosity. Finally, in Section 5, the con-
stitutive relation for heat-flow birefringence is deriv-
ed from the transport-relaxation equations. The heat-
flow birefringence coefficient is expressed in terms
of relaxation coefficients or collision integrals which
involve the scattering amplitude operator charac-
terizing the binary collision processes. The order of
magnitude of the heat-flow birefringence is estimat-
ed. In the Appendix a qualitative theorv of the den-
sity dependence of the flow and the heat-flow bire-
fringence is presented for low densities where wall
collisions have to be taken into consideration.

§ 1. Phenomenological Description

The dielectric tensor € which determines the opti-
cal properties of a medium ‘can be split into its iso-
tropic and anisotropic parts:

€ —cS+te. (1.1)

Here & is the (2-nd rank) unit tensor and ¢ is the

—

isotropic dielectric coefficient. The symbol . . . refers

to the symmetric traceless part of a tensor, e. g. for
two vectors @@, b one has

ab-1l(@ab+ba)— labs. (1.2)

To study the effect of '€ -0 on the index of refrac-
tion it is sufficient to consider the special case of
light propagating parallel to one of the principal
axes of the dielectric tensor. Let ;. i=1, 2, 3 be
unit vectors parallel to the principal axes. The index
of refraction for linearly polarized light with the
electric field vector parallel to e; is given by

;= (e € €)%,

If the anisotropy of € is small, »; is approximately
given by

vi=v(1+(1/2¢) ;- € -e)) (1.3)

with »=1e. The difference between the principal
indices of refraction is a measure for the birefrin-
gence. Clearly for ‘€ =0 one has vi=vfori=1,2,3
and there is no birefringence.

In the absence of external fields and if no trans-
port processes are going on, € =0 holds true for
fluids. In the presence of a flow velocity field v (x)
flow birefringence may occur which is described by
the constitutive law

€= -28Vv,

where f is a phenomenological coefficient. Like-
wise, in the presence of a heat flux gq= -1V T
where / is the heat conductivity and T is the tem-
perature of the fluid, the ansatz

€ ——24Yq =215 VVT

can be made for heat-flow birefringence. Here f; is
another phenomenological coefficient characteristic
for flow-birefringence. In Ref. 2 the coefficient
» = —/ f3; was used instead of f;. The coefficients f§
and f; may be positive or negative.

It is the task of the kinetic theory to justify the
constitutive laws and to relate the coefficients oc-
curring in them to molecular properties and, if pos-
sible, to other nonequilibrium phenomena. Before
these points are treated for heat-flow birefringence
in gases of rotating molecules it seems appropriate
to discuss briefly how /3, can be measured.

Consider stationary heat conduction through a
fluid between two concentric cylinders with tempe-
ratures 7'y, T, and radii R, , R,; Ry <R, . The mean
free path [ in the fluid is assumed to be very small

(1.4)

(1.5)
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compared with R, . The temperature of the fluid at
a point X is
T,-T,

T(x)=T;+ In(Ro/R,)

In(r/Ry), Ry = <R,
(1.6)

with r=x—e,e;-x, r=|r|. Here x =0 is a point
on the axis of the cylinders and e; is a unit vector
parallel to it. From (1.6)

VVT = (T;-T)) -
*(In(Ry/Ry)) 1 (2r%rr—r2eze;) (1.7)

is obtained. Notice that e;-VV-e;T =0.

According to (1.5) and (1.7) the principal axes
of the dielectric tensor are parallel to €5, r, and
e, x 1. Consider a thin beam of linearly polarized
light which propagates parallel to the axis of the
cylinders and intersects a plane perpendicular to it
at the point 7. The difference between the indices of
refraction v, =) and v, =] for electric field vec-
tors parallel and perpendicular to 1 is, due to (1.3),
(1.5), (1.7), given by

yov=v(y|—v1)
=28, r722(T,—T,) (In(Ry/R;))"1. (1.8)

For gases » = }/e can be approximated by 1. Clearly,
the measurement of 0» allows the determination of

B

§ 2. Dielectric Tensor and Tensor Polarization

Before the kinetic theory for heat-flow birefrin-
gence can be developed the anisotropic part € of the
dielectric tensor has to be expressed by an average
of a molecular quantity. For gases, the dielectric
tensor € is related to the molecular polarizability

tensor a by
€=38 +4an(a) (2.1)

where n is the number density of the gas and the
bracket (...) refers to an average evaluated with a
nonequilibrium distribution operator. For gases of
linear molecules the part of € which is relevant for
birefringence can be written as % 7

€_da (2.2)

a=(®r), (2.3)

@ —V15/2((P/(F= 1)) (P- 1 TT
~V15/2]2dJ, (2.4)

with

&=—2an(an—al) V2/15 (22— 1) )o)"

(2.5)

The quantity a is referred to as tensor polarization.
The rotational angular momentum operator of a
molecule is denoted by % J. The coefficients a|| and
a| occurring in Eq. (2.5) are the polarizabilities
of a molecule for the electric field vector parallel
and perpendicular to the molecular axis. The aver-
age of a molecular quantity ¥ =¥ (V,J) is given
by

n(P)=[BVTr¥f (2.6)
with n= [ d3V Tr f. Here f = f (¢, x, V., J) is the non-
equilibrium distribution operator of the gas, V is
the velocity of a particle with mass m in units of
(2kT/m)", and “Tr” denotes the trace over the
magnetic substates and a summation over the rota-
tional states. Equilibrium averages evaluated with
the equilibrium distribution f, instead of f are de-
noted by (...),.

According to Eq. (2.2), the (collision-induced)
tensor polarization & has to be calculated for the
determination of the birefringence caused by a
transport process.

§ 3. Transport-Relaxation-Equations

The nonequilibrium distribution operator which
is eventually needed for the evaluation of nonequi-
librium averages obeys the Waldmann-Snider equa-
tion > 6. From this generalized Boltzmann equation
an infinite set of transport-relaxation equations for
the moments of the distribution operator can be
derived by use of the moment method 3. For most
physical applications it is sufficient to consider a
finite subset of these moment equations. The mo-
ments which are taken into consideration are the
macroscopic variables needed to specify the non-
equilibrium state of the gas. In addition to the ten-
sor polarization a, the following macroscopic vari-
ables are taken into account for the treatment of the
heat-flow birefringence: the translational and inter-
nal temperatures Ty and T;, the corresponding
heat fluxes q; and q;, the friction pressure tensor
p=nm(ce) where €= (2kT/m)"*V is the par-
ticle velocity, and the “Kagan vector”

b-(c- @), (3.1)

which is the vector part of the tensor polarization
flux. The other parts of this tensor can be ignored
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for the present problem. Furthermore, a term in-
volving the flow velocity ¥ is retained in the equa-
tion for p. Though this term is not needed for heat-

The relevant transport-relaxation equations are

flow birefringence it facilitates the comparison with
flow birefringence.

Qi+ (5k/2m) py (VT +(2To/5pg) V P)+ 01 qi+r o qi +VEipy o b=0, (3.2)
qi+ (ci/m) po VTi +r 1 op qi+ o qi+ V3 r ipyoxb=0, (3.3)

b+ (kTo/m) V-a+V3py o qi+Virpy g gi+ogb =0, (3.4)

P+2p, (Vv + (2/5) p 'V q) + 0, p+VIpy,7a =0, (3.5)
a+(3/5Vb+(1/V2) py* o, p+ora =0. (3.6)

Here py=n kT, is the equilibrium pressure of a gas with the equilibrium temperature 7,. The quantity r
is an abbreviation for (5£%/2¢;)"* where ¢; is the heat capacity per particle associated with its rotational

motion. The relaxation coefficients o ..
Waldmann-Snider equation. More precisely, with

B.— (2/V3) (V2-5/2) V,

S —16/5V-®y, @ —1IVV

can be expressed in terms of collision integrals obtained from the

P =V2k/ci(s— (&)o) V, 3.7

(3.8)

where ¢ is the internal rotational energy of a molecule in units of k7 and with @ given by (2.4), the

relaxation coefficients are defined by

Opp' = 5 (P00 (D)), for
WDpp' = % <¢n : (')(én') )0 for

’ .
n,n =t,1, K,

(3.9)

n,n’ =nT, (3.10)

and w,, =, . Here w(...) is the linearized Waldmann-Snider collision operator. Notice that the nor-
malization factors occurring in the definition for the @, , ®, have been chosen such that

(P, P,)y=3 for n=t,i,K

and

(®,:P,),=5 for n=19,T.

From time reversal invariance of the intermolecular interaction potential follow the symmetry relations

Wi = Wi,  WOtg = WK,
From the explicit form of the collision integrals the
useful relations

o= (2/3) w,— (5/3) r'lmg, wp=V3ox

(3.12)

can be inferred. Thus of the 13 relaxation coeffi-
cients occurring in Egs. (3.2) — (3.6) 7 only are
linearly independent. Effective collision cross sec-
tions ¢ .. can be defined by

(3.13)

W..=NUHpO..

wheren is the number density and vy, = (8 kT'y/7tm,cq)"*
is a thermal velocity, m.q = m is the reduced mass
of a pair of molecules. The diagonal relaxation co-
efficients and effective cross sections are positive,
the nondiagonal ones may have both signs. To com-

Wig = WKj ,

(3.11)

(')7,T = (-’)Tn )

pare with the effective cross sections o (...) used by
McCourt and Moraal ** and by the Leiden group 5 16,

it is noticed that
(1010), o0;=0(1001), (3.14)

(3.15)

O =

1010
1001) ’

If @ [cf. (2.4)] is replaced by
®,,—115/2 (J2(J2—3/4))e-"2JJ one has

6, =06(2000).

Oj= —0

op=0(0200), o, =0(3900), (3.16)
OK:O(12OO)7 Otg = ‘1/20(;(.}(1)8 ’
oix=V30(1%5). (3.17)

For further details on relaxation coefficients and
effective cross sections see References 13717,
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Before the heat-flow birefringence is treated it
seems appropriate to consider the expressions for
the viscosity and the heat conductivity which can be
derived from Eqs. (3.2) — (3.6) and to discuss how
the relaxation coefficients or the effective cross sec-
tions involved can be determined from experimental
data.

§ 4. Viscosity, Heat Conductivity

For a discussion of stationary transport pheno-
mena in the hydrodynamical regime the “normal
solutions” of the transport-relaxation Egs. (3.2) to
(3.6) have to be studied. The normal solutions are
obtained if all time derivatives and the spatial deri-
vatives of nonconserved quantities are put equal to
zero. Furthermore, just one nonequilibrium tem-
perature Ty=T;=T is retained. Then Egs. (3.5),
(3.6) yield

p=-23Vv. (4.1)
The viscosity 7 is given by
n="iso (1 +4,1), (4.2)

Dpn’ Dp'n _ Onn’ On'n

Op Op

with A = (4.3)

Wy Wy
If no alignment would be set up in a viscous flow
(o, 7 =aw1,=0) 7 would be equal to the isotropic
viscosity

Niso = Po/ Wy - (4.4)
The quantity 4, is typically of the order 1072 or
even smaller. Terms nonlinear in 4,1 have been dis-
regarded in Equation (4.2). Likewise, Eqgs. (3.2),
(3.3),and (3.4) yield

q.= -/ VT, qi=-4 VT, (4.5)

with the translational and internal heat conductivi-
ties

A=24*(1+Bx), 4=24"(1+Bi). (4.6)
The total heat conductivity is

A=A+ A= iso (1 + Big). (4.7)
The isotropic values of these transport coefficients
are

dpo SE P () ) (- (48)

2m o\ w;

3 B (s
he= (1"@?) (1—4y) ™, (4.9)
i\ :
5k py [ oM D)
B = 0 {1 9,214 —g — 4.1
= 9m (\1 e T ) A T (4.10)

If terms of higher than 2-nd power in w , wx are disregarded, the quantities Bk , Bix and B;x are given

by
Buc= “EUE (1-4) ™ Big= TR 00 (1A, (4.11,12)
B M O (1_r—1 ('3“) (1At = 2K Po 1 jom (1_r—19“) (1—Ay) ] (4.13)
Liso Ot OK Wy 2m Ao Ok | 0 )i
with Dk = 0k — (03/@;) Ok,  Big = o — (0y]/0y) O, (4.14)
ik = O + 7 (4%[2°) o = ok +r7 o - (-1 o) [ (0;— 17 o) . (4.15)

The relaxation coefficients occurring in these ex-
pressions are also of importance for heat-flow bire-
fringence. Therefore, some remarks on their pos-
sible experimental determination are in order. The
quantities 4 .. and B.. are rather small. Thus to a
good approximation %;, and /s, as given by Egs.
(4.4), (4.10) are equal to the measured values of
the viscosity and the heat conductivity, e. g. one has

w,~po/ns On~=kTofvm7. (4.16)

With the help of the relation (3.12) a rough esti-
mate for w; and ; can be obtained if w;; is put
equal to zero. In this approximation which is ac-

curate to within 20% one has o/, ~0.67 and

w;w,~ (ci/k) (mA/kn—15/4)"1. (4.17)

If data are available for the bulk viscosity 7, , the
relaxation coefficient ®;; can be determined by the
relation
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6 oy kc; 7

570, [B32) k+el®

Then better values for m; and ®; can be found 2°.
The magnitude of the nondiagonal relaxation co-
efficients w,r, w, wix and the diagonal coeffi-
cients wy, wg which are of crucial importance for
heat-flow birefringence can be inferred from the
Senftleben-Beenakker effect of the viscosity and of
the heat conductivity. This can be understood as fol-
lows. In the presence of a magnetic field with mag-
nitude H the rotational angular momentum % J of a
molecule with the gyromagnetic ratio 7 undergoes a
precessional motion about the field direction with
the precession frequency wy =7y H. This precessio-
nal motion partially destroys the alignment set up
in a transport situation. For wg > oy, wk, i. e. if
a molecule makes many precessions between two
collisions, 7 and / approach their isotropic values
7iso and Zis, . Hence the coefficients 4,1 and B;x are
associated with the magnetic-field induced change of
the viscosity and the heat conductivity. More specifi-

(4.18)

cally, if the tensor polarization @ and the Kagan
vector b are the only significant types of alignment
set up by a viscous flow and in the presence of a
heat flux, respectively, one has 19 16. 21, 22

(An/ﬂ)sut: _AnT’
(Azl/z)sat= - (9/10) Bk .

(4.19)
(4.20)

Here An=1(H) —7 is the difference between the
viscosity 7 (H) in the presence of a magnetic field
with magnitude H and the field-free viscosity 7.
Likewise A2 | =41 (H) — 7 is the difference between
the heat conductivity 21 (H) for a magnetic field
perpendicular to the temperature gradient and the
field-free value 4. The subscript “sat” refers to the
saturation value which is approached for wg > wg
and oy > wx , respectively. The relaxation coeffi-
cients @7 and oy can be inferred from the value of
the magnetic field for which 45/y and 47 /2 attain
half of their saturation values. They occur also in
connection with the collisional and diffusional
broadening of the depolarized Rayleigh line * 7 23,

§ 5. Heat-flow Birefringence

For a discussion of birefringence the tensor polarization @ has to be calculated from the transport-
relaxation equations. In a steady state situation Eq. (3.6) yields

1 o 3 ==
a=— V2 po r pP- wTVb. (5.1)
According to Eqgs. (3.2) — (3.10) the friction pressure tensor and the Kagan vector are given by
p=-27(Vv+(2/5p) V@), (5.2)
_1/2 T O — b
b — -I/ 3 Do 0K (()I\t qt.+ T WK; q‘) —_ Sryre v a, (5.3)

for 7 see Equation (4.2). If the expressions (5.2), (5.3) are inserted into Eq. (5.1) and spatial derivatives
of higher than 2-nd order are neglected,

Wy

=g 2
Vo 29k 2 <w,/ +
" V2 py T s Vap o \ T

is found. Here 7 and Z; can be approximated by their isotropic expressions (4.4), (4.8), for w;x see Equa-

a— 2 (5.4)

tion (4.15). The anisotropic part € of the dielectric tensor is proportional to @, cf. Equation (2.2). Thus
Eq. (5.4) provides a justification for the constitutive laws (1.4), (1.5). Furthermore, the flow and heat-
flow birefringence coefficients # and f; can be inferred from Equation (5.4). With

n _2a(a-al) 7n

fo=—¢ V2 po V15 kT,

(5.5)

these coefficients are given by

B =Py wafor, (5.6)
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2 (o, V3 o, w;
fim oo (2 VRO g (5.7)
Spy 4\ Or 2 wrwg
Due to Eqgs. (3.12), (4.15), f; can also be written as
2 A 1 o, ki 0,0k
w2 (1 L), VB v
5p 4\ 2 wg Spy 4 w7 wg
- [1+ 1o, ( e ")‘K) (5.8)
Spy 4 2 wg /t K

with 7= (5k/2 ¢;)". Clearly, f# and f3; depend lin-
early on w,r and w;x , the coefficients which charac-
terize the strength of the collision-induced coupling
between the tensor polarization and the friction pres-
sure and between the Kagan vector and the heat flux.
This is in contradistinction to the Senftleben-Been-
akker effect of the viscosity and of the heat conduc-
tivity, cf. Eqs. (4.19), (4.20) and Equations (4.3)
and (4.13).

Notice that the dependence of /5 and /; on the
density n or on the pressure py=nk T, is different.
The flow birefringence coefficient § is independent
of the number density. This is typical for transport
coefficients governing the hydrodynamic regime of
a dilute gas. According to Eqgs. (5.7), (5.8), the
heat-flow birefringence coefficient f; is inversely
proportional to the number density, i. e. it is a Bur-
nett-type transport coefficient. This result holds
true as long as a typical mean free path of a mole-
cule, say [ = (no,) "%, is very small compared with
a characteristic macroscopic length L. For heat con-
duction through a gas between two concentric cylin-
ders with radii R, and R, as it has been considered
in § 1, [ has to be small compared both with R, and
R, — R, . This condition has to be kept in mind if
one wants to estimate whether the heat-flow bire-
fringence is of measurable size. In the Appendix a
qualitative discussion of flow and heat-flow bire-
fringence is presented for densities where the con-

dition [ € L breaks down.

To obtain a feeling for the order of magnitude
of the difference d» of the indices of refraction caus-
ed by heat-flow birefringence, V, at room tempera-
ture is considered. In this case one has

ﬂo;::6' 107155 .
2k~2-10' cm™
2 74/5 2%0.3 »;

ls"-l’

With the experimental arrangement discussed in § 1
r2(In Ry/R;) “'~10 cm™2 can be realized by either

R;=0.05cm, R,=1cm, r~0.2 cm or Ry=1.0cm,
Ry=1.1cm, r~R,. For (T;—T,)/Ty=<0.1 and at
a number density n~0.3-10'7 cm™3 which corre-
sponds to a pressure of roughly 1 Torr and a mean
free path of 5-1073 cm,

(;)

1/3' ®, O

amzo( )-10-13 (5.9)
2 w7 ok

W7

is obtained from Equations (1.8), (5.7). Ratios of
nondiagonal and diagonal relaxation coefficients as
they occur in Eq. (5.9) are typically of the order
of 0.1. Thus |6»|~10713 can be expected. It has
been demonstrated by the flow birefringence experi-
ments of Baas that |dv| as small as 107* can be
measured safely. Hence heat-flow birefringence
should be measurable too.

It seems worth mentioning that the relaxation co-
efficients o, , w1, Wi , 0k would vanish for mole-
cules with angle independent interaction potential
and consequently with a spherical scattering ampli-
tude. Hence heat-flow birefringence, much as flow
birefringence and the Senftleben-Beenakker effect,
is a sensitive tool for obtaining information on the
nonsphericity of the scattering amplitude and of the
molecular interaction potential 16 19 24,

In summary, for a gas of linear molecules, the
constitutive law for heat-flow birefringence has been
derived from the Waldmann-Snider equation via the
transport-relaxation equations. By Eq. (5.7), the
heat-flow birefringence coefficient is expressed in
terms of quantities characterizing the properties of
single molecules and their binary interaction. Fur-
thermore, its magnitude can be related to the Senft-
leben-Beenakker effect of the viscosity and of the
heat conductivity. Measurements of the heat-flow
birefringence in gases are possible and desirable.
It might also be worthwhile to look for heat-flow
birefringence in colloidal solutions though no ki-
netic theory and no estimate of the size of the effect
exists for this case.
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Appendix

Density Dependence of Flow and Heat-flow
Birefringence

The formulae (5.6), (5.7) for the coefficients /3
and f; pertain to densities n which are high enough
such that a typical mean free path [ of a molecule is
small compared with a characteristic macroscopic
length L. If this condition is no longer fulfilled the
collisions of the molecules with the wall have to be
taken into consideration. Qualitatively, this can be
achieved by replacing all diagonal relaxation coeffi-
cients (also those occurring in the expressions for 7
and 1) according to

(A.1)

where ) =vy, L7 is the wall collision frequency,
vy, is a mean thermal velocity and the mean free
path [ is defined by I = vy, @, 1= (noy) 71 Here
“k” stands for 7. T, t,... . Upon the assumption
that wall collisions give no contribution to the non-
diagonal relaxation coefficients and that all the I
are approximately equal, the density dependence of
or for flow birefringence is

Oy =22(1+2) "2() g

x=LlI"1=n/n* n*=(cL)™ L.

O = Ok + Oy = 0k (1 + 1 L71)

(A.2)
(A.3)

Here (07),,. is the dilute gas value which is ap-
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